Antiproton (p) collisions with hydrogen atoms, resulting in the hadronic process of particle-antiparticle annihilation and the atomic process of protonium (pp) formation (orp capture), are investigated theoretically. As the collision energy decreases, the collision time required for thep capture becomes necessarily longer. Then, there is the possibility that thep-p annihilation occurs significantly before thep capture process completes. In such a case, one can no longer consider the annihilation decay separately from thep capture process. The present study develops a rigorous unified quantum-mechanical treatment of the annihilation andp capture processes. For this purpose, an R-matrix approach for atomic collisions is extended to have complex-valued R-matrix elements allowing for the hadronic annihilation. Detailed calculations are carried out at low collision energies ranging from 10 −8 to 10 −1 eV, and the annihilation and thep capture (total and product-state selected) cross sections are reported. Consideration is given to the difference between the direct annihilation occurring during the collision and the annihilation ofpp occurring after thep capture. The present annihilation process is also compared with the annihilation in two-bodyp + p collisions.
I. INTRODUCTION
When an antiprotonp collides with a hydrogen H atom at collision energies E coll less than the ionization threshold, two quite different types of reaction channels are of critical importance [1] [2] [3] . One is an atomic rearrangement process: the capture ofp to form an exotic hydrogenic atompp called antiprotonic hydrogen or protonium,
Thisp capture results in highly excitedpp typically having the principal quantum number N ∼ m p /(2m e ) 30, with the p mass m p and the e mass m e . Thepp atoms cannot be permanently stable since the exotic system composed of a particle and its antiparticle has a finite lifetime against (pair) annihilation. As an atomic system, Eq. (1) is often characterized by the presence of the Fermi-Teller critical distance R FT = 0.639 a.u. [4] . If thep-H distance R is less than R FT , no electronic bound state exists for a fixed R in this system. Owing to this fact, Eq. (1) usually has a very large cross section [5] . The other reaction channel is a hadronic decay process: the annihilation occurring just during thep + H collisions,p + H → e +p-p annihilation.
In the present study, this direct annihilation is distinguished from the indirect annihilation which occurs after thepp atoms are formed by Eq. (1). The energy distribution of emitted electrons can be different for Eqs.
(1) and (2); hence it may be possible to distinguish between the direct and indirect annihilation events in experiments by further measuring the electron energy distribution. Equation (2) is also an interesting decay process ofp in matter to be compared with the annihilation in pure two-body (2B) collisions,
Because of the Coulomb attraction betweenp and p, the annihilation decays of Eqs. (2) and (3) can take place even at very low collision energies.
For an understanding of the significance of the direct annihilation occurring during thep + H collision, it may be useful to compare the collision time of Eq. (1) with the annihilation lifetime of isolatedpp atoms. The shifts and widths of some lowestpp energy levels due to the annihilation were determined by the measurement of x rays frompp atoms [1] [2] [3] . The annihilation width is 1s ∼ 1 keV for the 1s state, 2p ∼ 40 meV for the 2p state, and 3d ∼ 0.4 μeV for the 3d state. Thus, the annihilation lifetime of the s states becomes of major importance. The width Ns of the highly excited s level can be scaled as N −3 1s [6] . If the principal quantum number N = 30 is considered, then the s-state lifetime is τ 30s ∼ 2 × 10 −14 s. At low collision energies E coll < 1 eV, since the orbiting motion in polarization potential characterizes the ion-molecule reaction such as Eq. (1), the collision time may be estimated by τ coll = b orb /v, with the orbiting impact parameter b orb for the polarization force and the incident velocity v. Explicitly, this gives τ coll 10 −14 × [E coll (eV)] −3/4 s, which is comparable to or longer than τ 30s at E coll 0.1 eV. It suggests that the annihilation is non-negligible at these energies as a decay process which occurs exactly in the course of the collision. It is now experimentally possible to cool many antiprotons in a trap to very low temperatures (<10 K) [7, 8] .
Cold collisions of antiprotons with atoms are an interesting subject in atomic and also nuclear physics.
Thus, it is necessary to devise a theoretical method of coherently taking account of both the atomic rearrangement and thep-p annihilation channels in quantum-mechanical treatment, though the atomic and nuclear scales are quite different in space, time, and energy. Such efforts were made so far for low-energy H +H collisions [9] [10] [11] [12] [13] , stimulated by recent progress on coldH production [14] [15] [16] [17] [18] [19] . To incorporate thep-p annihilation into the atomic collision process, Jonsell et al. [9] introduced a delta-function potential for the hadronic part of interaction, as well as usually applied to e + -e annihilation. Voronin and Carbonell [10] and later Armour et al. [12] assumed an effective complex potential of the Woods-Saxon type [2] for the hadronic interaction. Jonsell et al. [11] considered the hadronic effect as a boundary condition of the wave function at ap-p distance of ∼ 1 a.u., and derived the hadronic information from experimental data of the 1s complexpp energy using the effective range theory known as the Trueman formula [20] .
For the capture reaction of Eq. (1), although several quantum-mechanical calculations were carried out [21] [22] [23] [24] , no account of annihilation was taken in these studies. This is reasonable since high collision energies of E coll 3 eV were considered in most of them [22] [23] [24] . The purpose of the present study is to develop a unified and accurate treatment of Eqs. (1) and (2) by introducing an R-matrix methodology [25] , in which the partitioning of the configuration space into appropriate domains is the favorite subject. Until now, the R-matrix method was employed for a rigorous treatment of an atomic process similar to Eq. (1), i.e., the capture of a negative muon (μ − ) by an H atom [26] , in which the hadronic decay never occurs. The idea suggested by Jonsell et al. [11] can be properly incorporated in the R-matrix method by further inclusion of a domain providing hadronic information. In doing such extension, one can refer to several interesting R-matrix studies on atomic collisions [27] [28] [29] [30] [31] : The multipartitioning was introduced for solving the problems of chemical reaction and two-electron scattering. Since detailed information on the decay products in thep-p annihilation is irrelevant, the annihilation is described by loss of a flux associated with the atomic channels. This is embodied by R-matrix elements having an imaginary part. In the present study, a new R-matrix treatment is developed for atomic collision processes allowing for annihilation decay. Accurate calculations are carried out for both the annihilation and the capture processes inp + H at low collision energies ranging from 10 −8 to 10 −1 eV. The calculation is not limited to only s-wave scattering, and the partial waves of total angular momentum quantum numbers up to 17 are taken into account for determining the cross sections.
II. THEORY AND CALCULATIONS
Let R and r be the position vectors ofp and e, respectively, measured from p. The configuration space is partitioned into several domains by the boundary lines R = R 0 ,A,B and r = b, as seen in Fig. 1 . Since the present problem covers a wide range ofp-p distances R from the nuclear size R 0 ∼ 10 −5 a.u. to ∼10 3 a.u., the R axis in Fig. 1 is drawn on a logarithmic scale. The annihilation can occur only at R < R 0 . Outside the nuclear domain (R > R 0 ), the hadronic strong interaction is negligible, and the collision process is dominated by the Coulomb interaction
The outer r b domain is associated with the e +pp arrangement, and the R B domain is associated with thē p + H arrangement. The distance R = B should be taken much larger than the Fermi-Teller critical value R FT . In the domain of r b and R B, the total wave function is assumed to have negligible amplitudes. Specifically, b = 8 a.u. and B = 2.7 a.u. were chosen. The domain d is defined by R ∈ (R 0 ,A) and r ∈ (0,b). It is convenient to choose the distance A as small as possible (A = 1 × 10 −4 a.u. in the present calculation). Then, the probability of finding the electron at distances r A is negligibly small (∼10 −12 ). In the domain d, one can actually assume that R r, and hence that the interaction is simply given by V = −1/R. The domain d is introduced for working as a bridge from the nuclear domain to an atomic domain. The domain D is defined by R ∈ (A,B) and r ∈ (0,b). The three-body (3B) correlation dynamics is limited largely to this domain. As shown in Fig. 1 , the boundaries of the domains are denoted by Op, O e , X, and I .
In the present treatment, it is not necessary to provide an explicit form of the wave function representing the nuclear processes. Outside the nuclear domain (R > R 0 ), the timeindependent Schrödinger equation is
with the total angular momentum quantum numbers (J,M), the total energy E, and the Hamiltonian H:
where m R and m r are the reduced masses ofp + p and e + p, respectively. Here and in the following, a.u. is used unless otherwise stated. The atomic problem is treated in the nonrelativistic framework. For the target of H atoms in the ground (1s) state, the total energy is E = E H + E coll , with E H = −1/2 and thep + H collision energy E coll . In the coordinate system (R,r), although the mass polarization term appears in the kinetic energy operators, Tong et al. [32] found that this term can be neglected in thē p + H system. In a previous R-matrix calculation, the present author had indicated that a mass polarization term was critical 
A. Outer domain: Scattering channels
In the outer r b domain, it is appropriate to expand the scattering wave function J M using the basis set associated with the e +pp channel, i.e., with ϒ NL (R) being the radial wave function of thepp bound state identified by the principal and angular momentum quantum numbers (N,L), and
where Y LM−m l (R) and Y lm l (r) are the spherical harmonics, (L,M − m l ,lm l |J M) are the Clebsch-Gordan coefficients, l is the electronic angular momentum quantum number, and (J,M) are the total angular momentum quantum numbers. In the present case, the total parity must be (−1) J +L+l = 1. As will be shown later in Sec. II D, the annihilation effect ofp-p can be neglected in this domain. The energy of thepp atom is assumed to be hydrogenic, i.e., E N = −m R /(2N 2 ). In the outer R B domain associated with thep + H channel, the scattering wave function J M can be given in the Born-Oppenheimer (BO) separation form [22, 26] where ξ νl (r) is the channel function [31] obtained from the Schrödinger equation including a Bloch operator [35] :
with the normalization
The channels on the boundary I are given by (ν,L,l). What is important is that the function G J νLl (R) is determined by only the Coulomb potential −1/R, i.e.,
with
In the present system, the function G J νLl (R) also contains the information on the hadronic effect caused by the strong interaction betweenp and p. In the present calculation, the hadronic effect is assumed to be negligible for L 1. Then, G J νLl (R) has the form [11, 36] 
where S L (R) and C L (R) are the regular and irregular Coulomb functions, respectively; Q L is the normalization constant; and Z 0 is a complex-valued constant as a result of thep-p annihilation decay. According to κ 2 > 0 or < 0, the coefficient Z 0 is expressed in terms of the phase shift η 0 or the quantum defect μ 0 [36, 37] , i.e.,
It may be shown that the quantum defect μ 0 extrapolated to κ 2 > 0 can be given by [36, 37] 
The phase shift η 0 is smoothly connected to πμ 0 . Because E coll , νl 1 a.u. in the present case, the relatedpp energies are |κ 2 /(2m R )| ∼ 0.5 a.u., and are negligibly small compared to the hadronic scale. Therefore, it is sufficient to obtain the hadronic information in the zero-energy limit. Thus, the coefficient Z 0 (regardless of κ 2 < > 0) can be accurately expressed in terms of the Coulomb-corrected scattering length [36] , i.e.,
The scattering length can be estimated from the hadronic energy shift and width of thepp atom in the ground state by using the Trueman formula [20] , and its imaginary part obtained in this way is in good agreement with the value extracted from the low-energy annihilation cross sections inp + p hadronic collisions [2, 38] . The derivation of the hadronic scattering length using quantum defect theory [37] was also offered [39] . It is of course possible to directly calculate the coefficient Z 0 by using an effective hadronic model potential [2, 10, 12] . In the present study, the value = (0.88 − 0.64i) fm = (1.7 − 1.2i) × 10 −5 a.u. presented in Ref. [2] was used.
At the boundary I , the R-matrix R d I I including the hadronic effect may be defined by
In the present case, the Coulomb functions S L (R) and C L (R) are insensitive to κ 2 because A is taken to be sufficiently small [37] . Therefore, κ 2 = 0 can be safely assumed also in the calculation of the R-matrix elements R d νLl,νLl , which are thus practically independent of ν and l. For L 1, since the amplitude of S L (R) at R A is sufficiently small, one can practically set R d νLl,νLl = 0. As it turns out, the nonzero Rmatrix elements are simply given by
where is a complex-valued constant. In a strict sense, the hadronic interaction should be dependent on the nuclear spin [2] . Such effects can be properly taken into account by allowing that Eq. (19) has spin-dependent elements. The annihilation lifetime largely differs for ortho and para e + e [40] , but such difference seems to be small for pp [2] . In this study, the spin-averaged value was adopted. 
C. Domain D: Three-body Coulomb processes
Around the boundary O e of the domain D, one can write the scattering wave function J M in a form similar to Eq. (7), i.e., (21) where a channel function KL (R) is defined in the range A R B, and is given by [31] 
The expansion form of Eq. (21) is useful for obtaining the R matrix at the boundary O e . For the evaluation of the R matrix at the other boundaries of the domain D, one can introduce the BO form of Eq. (9) at the boundary Op and the expansion form of Eq. (11) at the boundary I . For numerically calculating the scattering wave function J M everywhere in the domain D, it is entirely appropriate to employ the R-matrix basis, which is given by the eigenvalue equation [27] [28] [29] [30] [31] 
where
is the Bloch operators, and ρ identifies the discrete eigenvalues E 
where | D means the integration over D.
The channels τ on the boundaries of the domain D are given by τ = 1σ for Op, τ = (K,L,l) for O e , and τ = (ν,L,l) for I . Substitution of Eqs. (9), (11) , or (21) into Eq. (26) provides the relation of the radial functions F
where the elements of the R matrices R 
The mass m in Eq. (30) 
The calculation of Eq. (24) is the most laborious part in the present study. For the numerical calculation, the R-matrix eigenfunction J M ρ (R,r) in Eq. (24) is expanded as [26, 33] 
The wave function φ J λ ρ (R,r,θ) is numerically solved by using a grid (discrete-variable) representation technique. For the details of this calculation, see Refs. [26, 33] . Basically, the grid points were constructed from the zero points of the same orthogonal polynomials as in the μ − + H calculation [26] except for R. The channels of |λ| 1 were included, and the numbers of grid points (N r ,N θ ) = (25,4) were chosen for (r,θ ) associated with the electron motion. Because of the two-boundary problem, the Legendre polynomials are appropriate for R [41, 42] . The number of grid points on R is N R = 220 for J = 0, N R = 210 for J = 1, N R = 175 for J = 2, N R = 115 for J = 3,4, N R = 95 for J = 5-7, and N R = 70 for J 8. For these choices, sufficient accuracy was achieved: For example, the adiabatic potential V 1σ (R) was calculated with an error of < 0.05 eV at R > 1.8 a.u. and of 0.1-0.2 eV at R < 1.8 a.u., and the calculated 1s and 30s Coulomb energies ofpp coincide with the accurate values at least to four decimal places in eV. The convergence of the transition probabilities was checked as done in previous studies [26, 33] , and mostly the error is < 1%. It should be noted that the diagonalization of Eq. (24) is performed by a real-number calculation.
D. Global R matrix for the domain d + D
Next, let us consider the combined domain d + D. Using the local R matrices defined in Secs. II B and II C, the global R matrix R d+D on the boundary of the domain d + D can be given by [27] [28] [29] [30] [31] 
d+D has the elements identified by the channels (K,L,l) on the boundary O e . However, one needs to introduce the global R-matrix elements, which are identified by the scattering channels (N,L,l) on X + O e and 1σ on Op as defined in Sec. II A. This can be achieved by the channel transformation from K to N [31] . Following Ref. [31] , the final global R matrix becomes
where "e" (or "p") stands for e +pp (orp + H), and the channel transformation matrix U is
with (38) being the overlap between the channel function KL (R) and the wave function ϒ NL (R) ofpp. An explicit form of U X is unnecessary in the present calculation for the reason given below. From Eq. (36), the R matrix R d+D XX on the boundary X has a contribution only for R ee in the way:
At E coll 0.1 eV, the capture channels N 30 are energetically open as seen in Fig. 3 
E. Reaction probabilities and cross sections
The scattering boundary condition in the e +pp channel is imposed at a sufficiently large distance r = r max , where the electron radial function f J NLl (r) in Eq. (7) is represented by the asymptotic form, and the scattering K matrices K ee and K ep are defined. In the present calculation, the global R matrix given by Eq. (36) was further propagated out to r max = 100 a.u. [41] , which is sufficient for the asymptotic analysis at E coll < E N=31 − E H = 0.608 eV. When E coll 0.608 eV, the capture channel N = 31 becomes additionally open (Fig. 3) . If the collision energy is just above this threshold, very slow electrons can be emitted, and accordingly r max must be taken much larger. Furthermore, for such slow-electron emission, the direct annihilation during the collision would be non-negligible.
At E coll 0.1 eV, one can neglect the partial waves of J 18, for which the classical outer turning point in the R motion is > 5 a.u. (cf. Fig. 3 ). The radial function F J 1σ (R) in Eq. (9) at R = B can be expressed as
where K The K matrix K is calculated directly from the global R matrix R, as described in Ref. [25] . From the K matrix, one can obtain the scattering S matrix S in a usual manner. Then, the probability of the capture into the (N,L,l) product channel is given by
In the same way, one can define the direct annihilation cross section σ ann and the product-state selected capture cross sections σ cap (N,L), σ cap (N ), and σ cap (L).
III. RESULTS

A. Two-bodyp + p system
First, let us consider the 2B collisions ofp + p as a simple case. From Eq. (15), the S matrix for the s wave is given by
The probability of annihilation inp + p can be defined by
In the zero-energy limit [Eq. (18)], the probability becomes P 0 p+p = 0.240. For the p wave, the classical turning point in the R motion at κ 2 0 is ∼10 −3 a.u., which is much larger than R 0 . As is to be expected, only the s wave contributes to the annihilation in thep + p collisions in the present energy range.
Next, let us test the present R-matrix method for the energy level of thepp atom including the hadronic effect. The continuity of the R matrix at R = A means R 
If B is taken sufficiently large, and the energy dependence of is properly taken into account, the solution Ep p in Eq. (51) represents the bound-state energy ofpp. In the case that is complex valued, the energy level is expressed in the form Ep p = E N + E NL − i NL /2. Applying first-order perturbation theory to Eq. (51), one can show for the energylevel shift and the width
Using the complex-valued given in Sec. II B (and hence assuming that is independent of energy), Eq. (52) provides E 1s = 778 eV and 1s = 1120 eV, while the x-ray measurements indicate E 1s = 730 eV and 1s = 1060 eV [2] .
In the special case thatp and p are point charges, Eq.
for all L, and in Eqs. (19) and (20) is simply given by
which is a real number. In this case, solving Eq. (51) of PC is properly taken into account in Eq. (51), an accurate numerical result can definitely be obtained. In the present study ofp + H, very high states of N ∼ 30 participate (namely, E N=30 ∼ 0 as compared to E N=1 ), and thereby the error due to the use of = κ 2 =0 is estimated to be much less than 0.1%.
B. Annihilation and capture probabilities
As seen in Fig. 3 , the effective potential ofp + H has a barrier forp approaching H from infinity except for J = 0. Let E J eff be the height of the effective potential barrier. The values of E J eff for J = 1-18 are listed in Table I . The condition E coll < E J eff means that the motion ofp coming very close to H is classically forbidden. Therefore, if E coll E J eff , no reactions are expected to take place for the partial wave J . Figure 4 shows the direct annihilation probability P J ann defined by Eq. (47) at low collision energies E coll = 10 −8 -10 −4 eV. As stated before, this "annihilation" means the decay event occurring during the collision. At very low energies E coll < 10 −6 eV, only the J = 0 wave predominantly contributes to the annihilation. The probability P J ann for J = 0 is proportional to (E coll )
1/2 at E coll 10 −7 eV as expected generally in the low-energy limit of exothermic reaction [44, 45] , and becomes nearly constant at high energies E coll > 10 −5 eV. ann < 0.05). In a good approximation, the annihilation is always negligible for J 1. For comparison, also shown are the direct annihilation probabilities for J = 0 calculated by using a BO model: The BO potential V 1σ (R) is assumed to be −1/R − E H at R R FT , and the problem is solved simply as a potential scattering by V 1σ (R) with the hadronic boundary condition of Eq. (19) at R = A. In the BO model, the radial wave function has a complex-valued phase shift, and hence the annihilation probability can be evaluated. The BO potential was used for the calculation of the hadronic annihilation in the systems of H +H [9, 11] and He +H [46] . In the present case, the BO model is highly satisfactory at very low energies (E coll < 10 −7 eV), but provides about twice as large as the accurate value at high energies where the BO annihilation probability becomes just equal to the 2B probability P 0 p+p because of V 1σ (R) = −1/R − E H at R R FT (see also Ref. [9] ).
The capture probability P J cap in the same energy range as that of Fig. 4 is shown in Fig. 5 . At E coll < 10 −7 eV, the contribution of J 1 to the capture is negligible, and the probability P J =0 cap as well as P J =0 ann is proportional to (E coll ) 1/2 . The capture probabilities for J = 0 and 1 at very low energies were calculated by Voronin and Carbonell [10] . Their results are also presented in Fig. 5 , and are too small compared with the present ones except for the J = 1 wave at very low energies.
The calculation was also made for the capture probabilities by assuming thatp and p are point charges (and hence thepp atom is purely hydrogenic). This point-charge approximation was achieved by using PC [Eq. (54) ] for in Eq. (20) . It can be found that the point-charge approximation is always good for J 1. This is in accordance with the fact that P at E coll 10 −7 eV. This may seem to be surprising since the collision time gets much longer with further decreasing energy. At very low energies, however, one should notice that all the reaction probabilities (P J =0 ann and P J =0 cap ) become small since the interaction at small distances is less important. In such a case, it is expected that the coupling between the hadronic and atomic channels becomes weak as well [44] . Thus, one can expect the applicability of the point-charge approximation for the capture at very low energies. Also for the same reason, the direct annihilation probability at very low energies can be explained adequately by the simple BO model as seen in Fig. 4 . At energies where the capture probability is significantly large, the relative motion ofp + H is dominated by the reaction dynamics of the capture. When E coll 10 −6 eV, accordingly the BO model, which disregards the details of the capture dynamics, fails to produce an accurate annihilation probability.
The direct annihilation and capture probabilities at high collision energies E coll = 10 −5 -10 −1 eV are shown together in Fig. 6 . The capture probabilities were calculated for all the partial waves up to J = 17. The annihilation probability is almost constant (P seems that a quasistationary wave cannot be maintained inside the potential barrier [47] .
For the partial waves of J = 1, 4, 6, 7, 9, 10, 12, 13, 15, and 16, the capture probability shows a clear peaklike structure at collision energies just above E J eff . A similar structure was also found in the μ − + H system [26] . Though this structure is not found in a classical treatment and is seemingly a resonance, the analysis using the scattering time-delay matrix [48] indicates that the peak cannot be attributed to an unequivocal resonance phenomena, as the same conclusion was also arrived at for μ − + H [26] . In Ref. [47] , the capture probabilities inp + H were calculated by using a local complex potential model at E coll 10 −2 eV, and a peaklike structure just above E J eff was generated for the same partial waves (J 10) other than J = 15. It is evident that the barrier top of the effective potential is responsible for the peaklike structure. In the case of a simple rectangular potential barrier, interference between an incoming wave and an over-barrier reflected wave can cause an oscillatory structure in the transmission probability at energies above the barrier [49] . However, a uniform semiclassical method, using the mapping of the potential barrier to a parabolic potential, shows that the transmission probability becomes a monotonic function of energy [50, 51] . Very recently, Gao [52] investigated the quantal version of the Langevin model [53] , and found no peaklike structure in the transmission probability for the −1/R 4 form of potential. The quantal Langevin model is realized by the assumption that no reflection occurs by any other short-range interactions. In the present system, the non-negligible deviation of the total reaction probability from unity (P J cap + P J ann ∼ 0.9) far above the barrier suggests that the assumption of no reflection would not be fully accepted. As will be shown elsewhere, the interference with an outgoing wave induced by short-range interactions is considered to be the cause of the present peaklike structure, and it may be identified as a kind of resonance. Figure 7 shows the L-state selected capture cross section multiplied by the collision energy, E coll × σ cap (L), plotted as a function of E coll . In the present energy range, since the open capture channels are N N max = 30, all the angular momentum states up to L max = N max − 1 = 29 can be produced in principle. However, it is seen that only low states limited to L L upper L max are allowed at each E coll , and the upper limit L upper increases with E coll . Since a slow emitted electron can carry away only a low angular momentum l ∼ 0, the major capture channel in the specified partial wave J is L J . Considering that the barrier height E J eff increases with J (Fig. 3) , one can define a certain total angular momentum J max such that E coll > E J eff only if J J max . Thus, it is expected that L upper J max . It should be mentioned that the situation is quite different from that of the capture at much higher collision energies [5, 24, 54] . If the BO potential V 1σ (R) is approximated by the asymptotic polarization form V pol (R) in the barrier region, J max can be given by the orbiting angular momentum J orb = (8α pol m Figure 7 shows that E coll σ cap (L) becomes nearly constant at high energies. This is because the contribution to the capture cross section σ cap (L) mainly comes from the partial wave J L and the capture probability P J cap is almost constant at E coll E J eff (Fig. 6) . Thus, the L-selected capture cross section σ (L) has the energy dependence (E coll ) −1 when it has a prominent value. Figure 8 shows the N -state selected capture cross section multiplied by the square root of the collision energy, (E coll ) 1/2 × σ (N ), which has the same energy dependence as the rate constant. Except for some undulations, (E coll ) 1/2 σ (N ) seems to undergo only a slight change with energy on the whole. Therefore, the N -selected capture cross section σ (N ) has entirely the energy dependence (E coll ) −1/2 . The undulation appears particularly as a result of gathering the peaklike structures present in some capture probabilities P For example, the largest peak at E coll ∼ 5 × 10 −6 eV originates in the J = 1 partial wave. In the quantal Langevin model, the transmission probability versus energy is nearly a step function, and this also generates an undulation structure in the transmission rate constant [52] . In the present system, the undulation is much more enhanced than that expected in the Langevin model owing to the occurrence of the peaklike structure.
C. Product-state distribution in the capture
The cross section σ cap (N) at the same energy becomes the largest always for N = N max (=30), which is the highest open capture channel. The capture into very low N states, in the case of which the emitted electrons must have huge kinetic energies, is only rarely realized. Voronin and Carbonell [10] obtained a somewhat different result that the most populated state (N = N 0 ) is 29 rather than 30 at E coll < 2.72 × 10 −7 eV. Tong et al. [24] calculated the capture cross sections σ cap (N ) forp + H at energies E coll 2.72 eV, and found that the most populated state is N 0 = N max (=33) at E coll = 2.72 eV and becomes N 0 < N max at E coll 5.44 eV. The results except for Voronin and Carbonell [10] indicate that the low-energy capture leads to preferably slower-electron emission. Figure 9 shows the L-state distribution of the capture productspp in the N = N max (=30) state for several collision energies. The L distribution becomes broader as the energy increases, and has the maximum at L J orb . In the present energy range, so-called circular orbits ofpp (L N − 1), which are the most stable against annihilation within the same N, can hardly be formed in the capture. The efficient formation of the circular orbits requires much higher collision energies [5, 24, 54] . The distribution of low L states reflects the statistical weight, i.e., σ (N,L) ∝ (2L + 1), until L reaches ∼J orb . Figure 10 shows the direct annihilation cross sections σ ann at collision energies E coll = 10 annihilation). Accordingly, one may define the total (direct plus indirect) annihilation cross section by
D. Annihilation and capture cross sections
This total cross section is compared with σ cap (L = 0) obtained by using the point-charge approximation. (By definition, σ ann = 0 in the point-charge approximation.) Figure 10 includes these two cross sections and also the fraction "σ cap (L = 0) (point charge) /σ tot ann to clarify their difference. About 90% of the total annihilation cross section σ tot ann can be reproduced by the point-charge approximation if E coll 10 −5 eV. At low energies E coll < 10 −5 eV, the difference becomes larger although the capture probability P J =0 cap can be estimated adequately by the point-charge approximation (Fig. 5) .
For comparison, the annihilation cross section σ 2B ann = πk −2 P 0 p+p in the 2Bp + p collisions, with the use of P 0 p+p = 0.240 in the zero-energy limit, is also plotted in Fig. 10 . The 2B annihilation cross section σ 2B ann is larger than σ ann at all the energies, but smaller than σ tot ann at E coll > 10 −7 eV. Thus, the neutral target is found to play an important role not only for the capture ofp but also for the annihilation ofp. Because of the Coulomb attraction betweenp and p, the 2B cross section σ 2B ann has the energy dependence (E coll ) −1 even at E coll → 0, and becomes larger than σ tot ann at very low energies E coll < 10 −7 eV. If E coll > 10 −5 eV, since the direct annihilation and capture probabilities for J = 0 are almost independent of E coll , the cross sections σ ann and σ Figure 11 shows the total capture cross section σ cap at collision energies E coll = 10 −8 -10 −1 eV. The structure of undulation seen in the cross section is a real one. When E coll 10 −7 eV, this undulation becomes absent since the partial waves J 1 are negligible. As exemplification of a typical low-energy ion-molecule reaction, also plotted in Fig. 11 is the classical Langevin (orbiting) cross section σ Langevin = π (2α pol /E coll ) 1/2 [53] . The capture cross section has, on average, roughly the same energy dependence as σ Langevin , and is even close to σ Langevin at very low energies. The latter is rather accidental: The classical picture should be poor at very low energies, where only J = 0 can contribute to the capture and the quantal Langevin cross section becomes indeed much larger than σ Langevin [52] . As discussed just before, the production of the s states may be finally excluded as the capture process. Then, one may define the net capture cross section given by
It is seen in Fig. 11 that the difference between σ net cap and σ cap becomes prominent at E coll < 10 −4 eV. The net capture cross section σ net cap does not tend to zero at E coll → 0 since the J = 0 wave can produce a non-negligible amount ofpp in the p or d states.
IV. SUMMARY AND DISCUSSION
A unified quantum-mechanical treatment ofp-p annihilation andpp formation inp + H collisions has been developed by using an R-matrix method. The annihilation decay has been expressed as complex-valued R-matrix elements on the inner boundary set at a very smallp-p distance R = A (=10 −4 a.u.). This hadronic R matrix, which is actually independent of energy, can be deduced from energy-level shifts and widths obtained by x-ray measurements ofpp or from scattering lengths obtained by collision experiments ofp + p. The R-matrix diagonalization problem of the Coulomb 3B (p-p-e) dynamics has been solved only in a purely atomic domain defined by R ∈ (A,B) and r ∈ (0,b), with B = 2.7 a.u. and b = 8 a.u. Although the hadronic R-matrix elements are complex numbers, the R-matrix diagonalization in the atomic domain can be made by a real-number calculation.
Propagating the R matrix to an appropriate outer boundary, one has been able to calculate the probabilities of the annihilation and thep capture. In the calculation of the asymptotic e + pp scattering, the annihilation effect ofpp has been neglected at E coll < E N=31 − E H since the time scale of electron emission is shorter than the annihilation lifetime. However, if the collision energy is just above the threshold E N − E H (N 31), very slow electrons can be emitted, and the annihilation ofpp may be significant before the electron runs away.
In the present energy range, the direct annihilation occurring during thep + H collision is important, and should be distinguished from the indirect annihilation ofpp occurring after the capture process. For the direct annihilation during the collision, only the J = 0 wave is important, and the other J 1 waves have been found negligible. As a result, the point-charge approximation is always very good for the capture probabilities of J 1. At very low energies, however, the point-charge approximation becomes good also for the capture of J = 0. Only in the case that the collision energy is extremely low, can one estimate the direct annihilation probability by using the BO model. The total annihilation cross section σ tot ann = σ ann + σ cap (L = 0) becomes larger than the net capture cross section σ net cap = σ cap − σ cap (L = 0) when E coll 10 −6 eV. The point-charge approximation provides about 80-90% of σ tot ann in the present energy range. The 2B annihilation cross section ofp + p is always larger than σ ann , but becomes smaller than σ tot ann at high energies. This is an interesting finding in understanding plausible processes ofp annihilation in gases.
The total and N -state selected capture cross sections show an undulation structure which is more pronounced than expected in the quantal Langevin model [52] . At a fixed collision energy, the L-state selected capture cross section becomes the largest for L ∼ J orb (the orbiting angular momentum), and is roughly proportional to the statistical weight (2L + 1) for L J orb . The energetically highest N = 30 product state is the most populated in the capture, and the population of this state accounts for about 50% of the total capture.
In a previous study of μ − + H [26] , the calculation was carried out up to a collision energy above the threshold of a higher capture channel. The state-selected cross section for this capture channel rises abruptly from zero at energies just above the threshold, and soon becomes larger than the others when the energy increases only slightly from the threshold. For this reason, the total capture cross section for μ − + H has a cusp structure around the threshold [55] . The same feature is also expected in the presentp + H system.
